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The results, restricted to finite Buekenhout incidence structures, are the following. 
(1) Let r be a finite rank 3 Buekenhout incidence structure admitting diagram 
L* L 
Then for some generalized projective geometry K and some integer i. r is 
isomorphic to the rank 3 Buekenhout incidence structure having all (i- 2)-, 
(i- I)-, and i-dimensional subspaces of K as varieties, and comparability as the 
incidence relation, (2) Let r be a finite rank 3 Buekenhout incidence structure 
admitting diagram 
c* c -, -> 
Then for some set X and integer i, r is isomorphic to the rank 3 Buekenhout 
incidence structure having all (i- I)-, i-, and (i + 1 )-subsets of X as varieties, and 
set inclusion as the incidence relation. ( 1985 Academic Press. Inc. 
1. INTR~D~JCTI~N 
An incidence structure p is a triple (P, L, I) where P and L are sets 
(whose elements are called points and lines, respectively) and Z is a 
relation. p is semilinear (linear) if any two points are on at most one line 
(exactly one line). p is connected if for all X, y E P u L there is a sequence 
x =x0, x, ,..., x,. = y such that for all i xi is incident with xi+ 1. Two points 
are called adjacent if some line contains both. We sometimes omit writing 
the incidence relation, writing (P, L) instead of (P, L, I). The dual of p is 
CL, PI. 
Let p be semilinear. For any point x and line m not containing x, t(x, m) 
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will denote the cardinality of the set of points of m which are adjacent to X. 
Let lines m and n intersect at a point x; a line h is a transversal of m and n 
if h intersects m and n but does not contain x. We say that p satisfies 
Pasch’s axiom if for every pair of intersecting lines m and n, all transversals 
of m and n intersect. 
A generalized projective geometry is a linear incidence structure satisfying 
Pasch’s Axiom, and such that each line contains at least two points. A pro- 
jectioe geometry is a generalized projective geometry such that each line 
contains at least three points. A subspace of a generalized projective 
geometry is a set S of points such that for all lines m if S contains at least 
two points of m then S contains all points of m. The partially ordered set of 
subspaces, together with set inclusion, is a lattice. It is known that for every 
generalized projective geometry p, the lattice of subspaces of p is 
isomorphic to the direct product of lattices of subspaces of projective 
geometries (of rank at least 1). 
What Buekenhout calls “incidence structures” in [ 1] will be called 
“Buekenhout incidence structures” here. For definitions and conventions 
concerning Buekenhout incidence structures, see [ 11. We present next the 
dictionary of rank 2 diagrams which are relevant here. Let r be a rank 2 
Buekenhout incidence structure. r admits diagram 
0 1 
iff f is a semilinear incidence structure. r admits diagram 
L 
0 1 
(1) 
(2) 
iff r is a linear incidence structure. r admits diagram 
(3) 
iff r is a complete graph. Note that each of these diagrams is more restric- 
tive than the preceding. Diagram (3) is of interest because it appears in the 
diagrams for many simple groups. 
If f is a rank 2 Buekenhout incidence structure then f is an incidence 
structure (with O-varieties called points and l-varieties called lines); we say 
that f admits diagram 
L* C* 
0 -7 ’ 0-O 1 
582a/38/2-IO 
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iff the dual of r admits (2) (3), respectively. It is known that if r is a 
Buekenhout incidence structure admitting diagram 
then one obtains a lattice by defining, for an i-variety x and a j-variety y, 
that x < y iff x is incident with y and i <j. (Actually, one must also adjoin 
a zero element and unit element to obtain a lattice.) 
In this paper we characterize Buekenhout incidence structures satisfying 
a weak finiteness condition and admitting diagram 
L* L 
0 1 2 
or more restrictively, 
c* c o-0-0. 
0 1 2 
(6) 
These two results are contained in Theorem 1 and Corollary 2. We note 
that the statement of these two results would be simpler if the Buekenhout 
incidence structure I’ was finite (and hence the generalized projective 
geometry 7c and the set X were finite, and therefore finite dimensional). 
THEOREM 1. Let r be a Buekenhout incidence structure admitting 
diagram (5). Call 0-, l-, and 2-varieties respectively points, lines, and planes. 
Let some point be incident with finitely many lines or some line be incident 
with finitely many points. Then there is a generalized projective geometry IK 
and an integer i such that either points, lines, and planes of r are respectively 
all rank i - 1, i, and i + 1 subspaces of rc, or (dually) points, lines, and planes 
off are respectively all rank i + 1, i, and i - 1 subspaces qf n. In either case 
incidence in r corresponds to comparability in the lattice of subspaces qf n 
COROLLARY 2. Let r be a Buekenhout incidence structure admitting 
diagram (6). Call 0-, l-, and 2-varieties respectively points, lines, and planes. 
Let some point be incident with finitely many lines or some line be incident 
with finitely many points. Then there is a set X and an integer i such that 
either points, lines, and planes of r are respectively all (i- 1)-, i-, and 
(i + 1 )-subsets of X, or (dually) points, lines, and planes of r are respectively 
all (i + 1 )-, i-, and (i - 1 )-subsets of X. In either case incidence in I- 
corresponds to comparability in the lattice of subsets of X. 
An example of a Buekenhout incidence structure r admitting diagram 
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(6) follows. Let ~7 be a symplectic polarity of rr = PG(3,2). Let the points, 
lines, and planes of r be respectively all projective points, all non-totally 
isotropic projective lines, and all projective planes. Let incidence in r 
between points and lines, and between lines and planes, be inherited from 
Z. Let a point x be incident with a plane e in r iff x is incident with e in n 
and x0 f-e. Then r has diagram (6). r is isomorphic to the Buekenhout 
incidence structure whose points, lines, and planes are respectively all 2-, 
3-, and 4-subsets of a 6-set. 
The proof of Theorem 1 uses the following result, proved in [ZJ 
THEOREM 3. Let p be a connected semilinear incidence structure such 
that 
(hl) p satisfies Pasch’s axiom; 
(h2) the dual of p satisfies Pasch’s axiom; 
(h3) for any point x and line m not containing x, t(x, m) # 1; 
(h4) some line has finitely many points. 
Then for some generalized projective geometry n and some integer i, p is 
isomorphic to the incidence structure having rank i - 1 subspaces of x as 
points, rank i subspaces qf II as lines, and set inclusion as the incidence 
relation. 
Let r be a Buekenhout incidence structure, A the set of types of r, and 
ie A. Let a;E Z. If every flag F of type A - i may be extended to exactly ai 
flags of type A then r is said to have order ai. 
Let r be a Buekenhout incidence structure admitting diagram (5), and 
let r have orders a,, a,, a*. If a, = 2 then r admits diagram’ (6). If aI > 3 
then it may be seen from Theorem 1 that for some x = PG(d, q) and some 
d’ < d, r is the lattice of all (d’ - 1 )-, d’-, and (d’ + 1)-dimensional sub- 
spacesof~,anda,=(q”+‘-l)/(q-1),a,=q+1,az=(q”-”-I)/(q-1). 
Further, for every O-variety p the residue of p is isomorphic to 
PG(d- d’, q), and for every 2-variety e the residue of e, dualized, is 
PG(d’ + 1, q). 
2. PROOF OF THEOREM 1 
Let r be a geometry admitting diagram (5). Let 0-, I-, 2-varieties respec- 
tively be called points, lines, planes, and let 8, 9, B represent respectively 
the sets of points, lines, planes. As already remarked, r, together with its 
incidence relation (and with zero and unit elements adjoined), is a lattice. 
We show that if two lines intersect, then they are coplanar. Let lines m 
and n of r intersect at point x; since r admits diagram (5) then the set of 
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lines and planes incident with x is a linear incidence structure, so some 
plane is incident with m and n. 
Since diagram (5) is self-dual, the converse of the statement proved in 
the previous paragraph also holds. Then we have: two lines of r intersect 
iff they are coplanar. 
We show (9, 9) satisfies Pasch’s axiom. Let m and n be lines inter- 
secting at point x, and let h, and h2 be transversals of m and n. Since m and 
n intersect, some plane e contains both m and n. Since e contains two 
points of hi (i= 1,2) and ris a lattice, then e contains h, and hz. Therefore 
h, and h2 intersect. 
We show (3, 9’) satisfies Pasch’s axiom. Let x, y be points on line m. 
Let U, u be adjacent to both x and y but not on m. To show that (9,Y) 
satisfies Pasch’s axiom it is sufficient to show that u is adjacent to v. Some 
plane contains x, U, and y; denote this plane by xuy. Likewise the plane xuy 
exists. Case 1: xuy # xvy. Then planes uxv and uyv exist and are distinct. 
Since they have two points in common then they have a line in common, 
since r is a lattice. Then some line contains both u and v. Case 2: 
xuy = xvy. There exists a second plane e containing m (Axiom 1 of [ 1 I), 
and on e there is a point w  which is adjacent to x and y but not on m. By 
Case 1 w  is adjacent to u and w  is adjacent to v. Then some line contains u 
and V, since two planes, namely uwv and UXU, contain both u and u. 
Let x be a point and m be a line not containing x. If no plane contains 
both x and m then t(x, m) = 0. If some plane e contains both x and m then 
t(~, m) equals the cardinality of lines which contain x and are contained in 
e, since coplanar lines intersect. Therefore, by Axiom 1 of [ 11, t(x, m) # 1 
for all non-incident points x and lines m. 
That (??‘, 9) is connected and semilinear is clear from [ 11. If some line 
is incident with finitely many points then (9, 9) satisfies the hypotheses of 
Theorem 3. If some point is incident with finitely many lines then (2, 9) 
satisfies the hypotheses of Theorem 3. Then there exist a generalized projec- 
tive geometry n and an integer i such that 9 is the set of rank i subspaces 
of 7~ and 9 is the set of rank i- 1 subspaces of z (if some line has finitely 
many points) or p is the set of rank i+ 1 subspaces of 71 (if some point is 
on finitely many lines). 
Let H be the graph whose vertex set is dip, and two vertices m and n 
adjacent iff m and n intersect at some point (i.e., iff m and n are coplanar). 
The following are easily shown: 
(i) maximal cliques of H correspond bijectively with S u 8; 
(ii) maximal cliques of H correspond bijectively with the set of sub- 
spaces of 71 which are of rank i- 1 or i+ 1. 
From this the completion of the proof of Theorem 1 is clear. 
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3. PROOF OF COROLLARY 2 
There are several easy ways to prove Corollary 2. One way is, in the 
proof of Theorem 1, to replace the call to Theorem 3 by a call to the 
following theorem. 
THEOREM 4 ([2]). Let p be a connected semilinear incidence structure 
satisyying (hl), (h2), (h4), and 
(h3’) .for any point x and line m not containing 
x, t(x, m) E (0, 2}. 
Then for some set X and some integer i, p is isomorphic to the incidence 
structure having (i - 1 )-subsets of X as points, i-subsets of X as lines, and set 
inclusion as the incidence relation. 
REFERENCES 
1. F. BUEKENHOUT, Diagrams for geometries and groups, J. Combin. Theory Ser. A 27 (1979), 
121-151. 
2. A. P. SPRAGUE, Pasch’s axiom and projective spaces, Discrete Marh. 33 (1981). 79-87. 
